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Abstract 

We introduce in this paper the contractions <3 C of n-Lie (or Filippov) algebras (3 
and show that they have a semidirect structure as their n = 2 Lie algebra counterparts. 
As an example, we compute the non-trivial contractions of the simple A n+ \ Filippov 
algebras. By using the Inonii-Wigner and the generalized Weimar- Woods contractions 
of ordinary Lie algebras, we compare (in the (5 = A n+ \ simple case) the Lie alge- 
bras Lie <3 C (the Lie algebra of inner endomorphisms of (5 C ) with certain contractions 
(Lie&)iw an d (Lie(S)w-w of the Lie algebra Lie© associated with 0. 
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1 Introduction 



In 1985, Filippov JTJ [2] initiated the study of certain linear algebras (called n-Lie algebras 
by him) endowed with a completely antisymmetric bracket with n entries that satisfies a 
characteristic identity, the Filippov identity These n-Lie or Filippov algebras (FA) (5 reduce 
for n = 2 to ordinary Lie algebras g. 

The properties of Filippov algebras [1] have been studied further in parallel with those 
of the Lie algebras, specially by Kasymov [H H] and Ling [5] (see [6] for a review). It has 
been shown, for instance, that it is possible to define solvable ideals, simple and semisimple 
Filippov algebras, etc. Semisimple FAs satisfy a Cartan-like criterion jl] and, as in the Lie 
algebra case, they are given by the direct sums of simple ones. One result, however, in which 
FAs differ significantly from their n = 2 Lie algebra counterparts is that for each n > 2 
there is only one complex simple finite Filippov algebra [TJ [5], which is (n + l)-dimensional. 
The real Euclidean simple n-Lie algebras A n+ i, which are constructed on Euclidean (n + 1)- 
dimensional vector spaces, are thus the only (n > 2)-Lie (Filippov) algebra generalizations of 
the simple so(3) Lie algebra. Similarly, the simple pseudoeuclidean ones may be considered 
as n > 2 generalizations of so(l, 2). 

Other properties of FAs, such as deformations (or e.g., central extensions) may be studied. 
As in the general and Lie algebra cases [jj [8] , deformations are associated with FA cohomol- 
ogy The Filippov algebra cohomology suitable for deformations of Filippov algebras was 
given in [5] in the context of Nambu-Poisson algebras (see further [TU1 [TT j fT2"]); the FA coho- 
mology generalizes the Lie algebra cohomology complexes (see also [6] ) . The FA cohomology 
is not completely straightforward. For instance, for n > 3 it turns out that the p-cochains 
are mappings a p : A™ -1 © <E> ■ • • £g> A n_1 & A & — > R {e.g. in the cohomology suitable for central 
extensions of FAs), rather than a p : A p g — > R as they would be for Lie algebras g. Thus, it 
is convenient to label the p-cochains by the number p of arguments X G A n_1 ® that they 
contain rather than by the number of elements of (5 itself (the Xs were called fundamental 
objects in p2]). It has been proved recently [12] that there is a Whitehead lemma for Filippov 
algebras: semisimple FAs do not have non-trivial central extensions and are moreover rigid 
i.e., they do not admit non-trivial deformations. As a result, the Whitehead lemma holds 
true for all n-Lie semisimple FAs, n > 2. 

Besides the above finite-dimensional simple FAs there are also infinite- dimensional simple 
ones (see [13]), as those defined by the n-bracket bracket given by the Jacobian of func- 
tions. This bracket, which satisfies [H [2] the Filippov identity and therefore determines an 
infinite-dimensional FA, had actually been considered long before by Nambu [H]. He stud- 
ied specially the n = 3 case, as a generalization of the two-entries Poisson bracket, in an 
attempt to introducing a new type of dynamics beyond the standard Hamilton-Poisson one; 
the Nambu bracket satisfies additionally Leibniz's rule. Nambu did not write the Filippov 
identity that is satisfied by his bracket; this was done later by Sahoo and Valsakumar [T5] 
who considerd it as a consistency condition for the time evolution of Nambu mechanics, as 
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reflected by the derivation property that is expressed by the Filippov identity. The general 
n > 3 case was studied in detail by Takhtajan [16] . leading to an ra-ary generalization of 
the Poisson structures that he called Nambu-Poisson structures. This sparkled an extensive 
analysis of various issues related with them, including the notoriously difficult problem of the 
quantization of Nambu-Poisson mechanics that also had been discussed by Nambu himself 
[E] (and which, in our view, does not admit a completely satisfactory solution, see [T3 E]). 
In the last few years, FAs have reappeared in physics in another context, namely in the 
Bagger-Lambert-Gustavsson model [18j [191 120], originally proposed as a candidate for the 
low-energy effective action of a system of coincident membranes in M-theory. These and 
other physical aspects of FAs are reviewed in [B], to which we refer for further information 
and references. 

In this paper, however, we address a mathematical problem: the Inonii-Wigner type 
contractions of Filippov algebras. These are introduced and discussed in generality here. As 
is well known, all Filippov algebras have an associated Lie algebra Lie 0, the algebra of 
the inner derivations of <&. Thus, a natural question to ask is whether there is any relation 
between the Lie algebra Lie (5 C associated with some contraction & c of a FA (25 and a (Inonii- 
Wigner [2T] (IW) or a generalized Weimar- Woods [22J (W-W)) contraction of the Lie algebra 
Lie <3 C associated with the contracted FA (3 C . Clearly Lie(2» c ^ (Lie(2») c in general, but it is 
still possible to compare the structure of (Lie <8) c and Lie C for a given (2». We shall use the 
simple A n+1 FAs to illustrate this point. 

The plan of the paper is as follows. Sec. 2 briefly describes the FA structure, including 
the fundamental objects X and the simple finite-dimensional FAs. Sec. |3] contains the de- 
scription of the Lie algebra associated with a FA and, in particular, considers the case of 
Lie A n+ i = so(n + 1). Sec. [4] is devoted to the description of contractions (5 C of arbitrary FAs 
&, starting with the simplest n = 3 case. Sec. 14.2 .11 describes the structure of the Lie algebra 
Lie (5 C associated with a given contraction C ; Sec. 14.2.21 considers the non-trivial contrac- 
tions (A n+ i) c of the simple A n+1 FAs and gives the structure of their associated Lie (A n+1 ) c 
Lie algebras. Sec. [5] discusses the relation between Lie(3 c and (Lie(S) c . To this end, we find 
the IW and W-W contractions of Lie (3 for the simple FAs A n+ \ that follow the patterns 
suggested by the structure of Lie(S c , and then compare the results with it. Finally, Sec. [6J 
contains some conclusions. 

All FAs considered below are real and finite-dimensional. 

2 n-Lie or Filippov algebras 

A Filippov algebra (FA) [TJ [3] or n-Lie algebra (5 (see also [U [2J [5] and e.g. [BJ for a review 
and further references) is a vector space endowed with a n-linear fully skewsymmetric map 
[,,—,, ]:(5x.?.x0->l5 such that the Filippov identity (FI), 

[Xi, . . . , X n -x, [Yi, . . . , Y n \] = [[Xi, . . . , X n -i, Y"i], Y2, • • • j Y n ] + (1) 
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\Xx, . . . , -X" n -i) Y2), I3, . . . , y n ] + . . . + [y"i, . . . , y„-i, [Xi, . . . , x n _x, y n ]] 



is satisfied VX, Y G or, equivalently, [2311211115] 

[[-^[JfclJ-^fe) • • • )^fej)^l]> • • • J-^in-J = 0) ( 2 ) 

for the elements of a basis {X^} of C5. Both the vector space and the FA structure will be 
denoted by the same symbol (5; its meaning will be clear from the context. For n = 2 the FI 
becomes the Jacobi identity (JI) and the Filippov algebra is an ordinary Lie algebra g. 



2.1 Structure constants of n-Lie algebras 

Once a basis {X{\ of (J5 is chosen, the FA bracket may be defined by the n-Lie algebra 
structure constants, 

[X h ,...,X ln ]=f k . Jn k X k , J,fc = l,...,dim<8. (3) 
The /{]_...!„ are fully skewsymmetric in the l\ . . .l n indices and satisfy the condition 

n 

fk\...k n fl\...l n —\l ^ ^ fl\...l n -\ ki fk (4) 

8=1 

which expresses the FI (pQ) in terms of the structure constants of (5. The form (J2]) of the FI 
leads in coordinates to the expression^ 

f[ki...kj fk]h-i n -ii = . (5) 



2.2 Fundamental objects of a FA and their properties 

In an n-Lie algebra (3 it is convenient to introduce objects X = (Xi, . . . ,X n _i), Xi G (3, 
antisymmetric in its (n — l)-arguments, X G A n_1 (C5); they define inner derivations of the 
FA through the adjoint action. This is defined by 

ad x : Z i-> ad x Z = X ■ Z := [X u . . . , X n ^, Z) , \fZ G & . (6) 

■""Eqs. ([21), (0) are to be compared with the generalized Jacobi identity (GJI) 

[X[ h , . . . ,Xi n _ 17 [X kl , . . . ,X kn] ]] = , C^...^ C; 1 i 2 ..j„_ 1 ]i = , 

n even, which is the characteristic identity that satisfies another n-ary generalization of Lie algebras, the 
generalized or higher order Lie algebras [24, 25, 26 , which will not be considered here (see [5] for a parallel 
analysis of Filippov and higher order Lie algebras and their associated n-ary Poisson structures). 
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In terms of adx = ad(Xi,...,x n -i), the FI is written as 

n 

ad x [Y h , ...,Y ln ] = Y,\Yh,---, ad x Y k , . . . , Y ln ] , I = 1, . . . dim , (7) 

i=i 

which expresses that adx £ End® is an inner derivation of the FA n-bracket. For conve- 
nience, we refer to the X G A n_1 as the fundamental objects of the n-Lie algebra 0. Since 
ad : A n_1 — > End may have a non-trivial kernel, the correspondence between fundamental 
objects and inner derivations, X ai _ anl i— > adx ai a , is not injective in general: <Y G ker ad 
when ac^ is the trivial endomorphism of 0. For instance, ker ad = A n_1 and ad is trivial 
if is abelian. 

The coordinates of the (dim x dim 0)-dimensional matrix ad<x, x, \ = &dx, , G 
End are given by 

ad(x h ,...,x ln _ 1 ) l k = fh.^^k , adp^.^Xi^jXk = [Xi x , ■ ■ = fh...i n -ik l Xi . 

(8) 

Then, in terms of the structure constants of the FA, the FI ([7]) takes the form 

n 

fh...i,!ad { x kl ,...,x kn _ 1 )Xi = (-l) n ~*^ f kl ...k n . 1 k l ad(Y h ,...,Y h _ 1 ,Y h+1 ,-,Yi n ) x i ■ ( 9 ) 

i=\ 

Given two fundamental objects X , y their composition X-y G A n_1 is the fundamental 
object given by the formal sum [9] 

n-l 

^ • y ■= j2{Y 1 ,...,ad x Y i ,...,Y n _ 1 ) 

i=i 

n-l 

= ^(n,...,^,...^^,^],...,^), (10) 

1=1 

which is the natural extension on y G A n " x of the action of the adjoint derivative adx on 
0; thus, eq. ffTUj) may be rewritten as 

x-y = ad x y . (ii) 

The composition of fundamental objects is not associative. In fact, due to the FI, the dot 
product of fundamental objects X of an n-Lie algebra satisfies the relational 

x ■ (y ■ z) — y ■ (x ■ z) = (x ■ y) ■ z vx, y, z e A n - l <5 , (12) 

2 In the case of Lie algebras, n = 2, X reduces to a single element leg, X ■ Y — [X, Y] and, of course, 
X ■ (Y ■ Z) - Y ■ (X ■ Z) = (X ■ Y) ■ Z is simply the Jacobi identity, [X, % Z]] - [Y, [X, Z}] = [[X, Y],Z]. 
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and, as a result, 

X ■ (y • Z) - y ■ (X • Z) = (X ■ y) • Z or, equivalents, 

ad x ad y Z - ad y ad x Z = ad x . y Z \/X, y E A n_1 , VZ G . (13) 

Thus, the FI may be written as 

[ad x ,ady] = ad x .y ; (14) 

clearly, ad^ a d x y) = ad x .y . Note that although in general X ■ y ^ ~y ■ X, eq. f fT3"j) is X <H- y 
skewsymmetric, ad x .y = —ady. x . 

2.3 The simple Euclidean FAs 

The simple, finite, (n + l)-dimensional n-Lie algebras constructed over (n + l)-dimensional 
vector spaces were already given in pQ, and found to be the only simple ones in [5]. For 
the purposes of this paper it will be sufficient to consider the Euclidean n-Lie algebras, 
constructed over (n + l)-dimensional Euclidean spaces. The Euclidean FAs A n+ \ jTJ are 
given by eq. ([3]) where 

fh...i n k = £h...i n k ; (15) 

the pseudoeuclidean FAs are simply obtained by adding appropriate signs (it will be suf- 
ficient for our purposes here to restrict ourselves to ( !T5|) when dealing with simple FAs). 
Lowering the index k with Euclidean metric the structure constants are given by the fully 
skewsymmetric tensor of an Euclidean (n + 1) -dimensional vector space. 

It is not difficult to check that these algebras are indeed simple. Clearly, [0, . . . , 0] ^ {0} 
(in fact, [0, . . . , 0] = 0) and they do not contain any non-trivial ideal (a subspace / of a FA 
is an ideal pfl [5] if [0, ?rJ, 0, 1] C I). Further, the structure constants ffT5j) do define a FA 
since the FI is satisfied; we present here a short proof. For n = 3, = At, the four terms in 
the FI 

[Xh,Xi 2 , \Y kl ,Y k2 ,Y k3 \] = (16) 
[[^i)^2! ^feiL ^fc 2; ^fc 3 ] + l/ftij ^fa] ) Yk 3 ] + [Y kl , Y k2 , [X h , X h , Y k3 \] ; 

are all zero unless two k indices are equal to the two / ones, (ki, k 2 ) = (h, h), say, in which 
case is obviously satisfied since it reduces to 

[^1)^2! [^1)^2! ^fca]] = 1^15 ^2) [^D ^2) ^fesj] > ( ^ ^) 

which are the only terms that survive since [X^, Xi 2 ,Yi 3 ] = e^i^X^. This argument is 
easily extended to general n. Since there are 2n — 1 entries in the double n-bracket and n + 1 
elements in the basis {X{\ of A n+ \, at least n — 2 elements are necessarily repeated in the 
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double bracket. Thus, since the separate (n — 1) and n entries in each part of the double 
bracket cannot have a repeated element due to the skewsymmetry, we see that the two parts 
must have at least n-2 equal entries, [X h , . . . , X in _ 2 , X ln _ x , [X kl , . . . , X kn _ 2 , X kn _ x , X kn ]] with 
(Zi, . . . , /n-2) = (hi, ■ ■ ■ , fcn-2), say. If they only share these n — 2 entries all the n + 1 basis 
elements will be present in the double bracket, and then the inner n-bracket will necessarily 
give rise to an element already present as one of the other n — l entries in the outer bracket, 
giving zero. If they share n — l entries e.g., (k\, . . . , fc n -i) = (h, ■ ■ ■ , ^n-i), the only non-zero 
terms in the FI (TI)) or fl2]) are the two that do not mix the k\ . . . k n _i indices with the li . . . 
ones, which give the trivial identity 

[X h , . . . ,Xi n _ 1: [X h , . . . } Xi n _ 1} Y kn }} = [X h , . . . jXj,,^, [X h , . . . .Xi^^YkJ] . (18) 

Thus, the FI is satisfied by the simple (n + 1) -dimensional FAs. 

When is simple, the composition of two fundamental objects X = (X kl , . . . ,X fcn l ) = 
^fci...fc n _i and y = (Xj 1 , . . . , Xj n _ l ) is antisymmetric, X ■ y = ~y ■ X. To prove this we take 
again into account the form ffT5]) of the structure constants. Indeed, in 

n-l 

X kl ...k n -i ■ yji ...j„-i = ■ ■ ■ , [Xfc 1? • • • , Xkn^, Xj.], . . . , Xj n _J 

i=l 

n-l 

= y^ J e k 1 ...k n - 1 j!{X jl , . . . . . .,X jn _ 1 ) (19) 

1=1 

the only nonvanishing terms will be those in which n — 2 of the indices k\ . . . k n -i are equal 
to n — 2 of the indices ji ... j n -i, since there are n + 1 basis elements and the indices ji, I, 
in eq. f lT9|) must be different from both ki . . . k n _i and ji . . . ji . . . j n _i. Taking, ji — ki, i = 
1, . . . , n — 2, we see that 

X kl ...fe n _! " y kl ...k n -2 jn-l ~ ^^1 ■■■fcn-1 jn-1 {-^klJ ' • ' 1 Xfc n _ 2 5 ^l) ~ ~ 3^fcl ...k„-2jn-l ' *^kl ... fen-1 5 (^0) 

as we wanted to prove. 

3 The Lie algebra Lie associated to an n-Lie algebra 

(5 

The inner or adjoint derivations adx £ End® associated with the fundamental objects 
X e A n-1 (J5 determine an ordinary Lie algebra for the bracket in End (5, 

adxady — adyadx = [adx, ady] = ad^x-y) ■ (21) 
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Indeed, they satisfy the JI since, using eq. (fT2i) and that adx-y = —ady.x, 
[adx, [ady, adz]] + [a<dy, [adz, adx]\ + [adz, [adx, ady]\ 

= ad x .(y-z) + ady.(zx) + adz-(x-y) = adx-(y.z)-y-(x-z)-(x-y)-z = . (22) 
This is the Lie algebra Lie (3 = InDer (25 C End (5 of inner derivations associated with the FA 



(dim & \ 
^ I — dim (ker ad) . 



e.g. [5j [6]) and, of course, ( n ~^ 1 ) = dim so(n + 1). 



If (3 is the simple FA A n+ i, all derivations are inner; further, Lie A n+ i = so(n + 1) (see 

n + 1 
n — 1 

3.1 Structure constants of Lie (3 for a 3-Lie algebra 

For n = 3 the coordinates of the dim 0x dim ©-dimensional matrix [X^, Xi 2 , ] = ad(X; ,x { ) G 
End are given by 

ad(x h ,x l2 ) ''k = fhi 2 k , ad(x h ,x h )Xk = [X h , X h , X k ] = fi li2k l Xi . (23) 
Then, the form (TH|) of the FI for n = 3 

arf(x ;i ,x i2 )(arf(y fcl ,y fc2 )) - ad(Y ki ,Y k2 )(ad ( x h ,x l2 )) = ad([x, 11 x, al n 1 ] ) n 2 )+o ! ' fcl) [x, 1 ,x, a ,yi 2 ]) 
can be written as 

[adp^,;^), ^(y^y^)]^ = fhhkj fjk 2 i k + fhi 2 k 2 j fk^i k = - fhi 2 [ki j fk 2 ]ji k ■ ( 24 ) 
This shows antisymmetry under the interchange of the indices (fciA^) and (hh), i-e., 

f Of k _ r j r k 

J hh[ki J k 2 ]jl J kik 2 [h J l 2 ]jl , 

which also follows directly from the FI f\k±k 2 ij fi 2 ]ij k = (eq. (JSJ). 
Using eq. ( 12"3"|) we can write 

fhhiki ad^x^Xj) = -fkik^ad^x^Xj) , (25) 

or, equivalent ly, 

Uhhik^U + fkikrtJtf^ad^Xi) = . (26) 
Using eq. ([21]), the commutators of Lie can be expressed as 

[a>d(x h ,x h ),ad(Y k ^Y k2 )] l k = ^C h i 2klk2 nn ad {Xn .x J2 ) k , C hhklk2 nn = fi^i^ 1 ^ . (27) 
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However, this does not mean (see also |20j) that the above C's are the structure constants 
of Lie (3. Although the r.h.s. of eq. (|24p is (hh) (&1&2) skewsymmetric as mandated by 
the l.h.s., this does not necessarily imply that the constants Ci^k^ 1 ^ 2 i n ec L- (EZ]) retain this 
property once the sum over (jij'2) is removed. One may, of course, write antisymmetric C's 
in eq. (T2T1) by taking 

C hl2klk2 hj2 = \ (fiMk^di* fc)) , (28) 

but this is not sufficient to look at them as structure constants of Lie & since, in general, 
the indices (j'ij'2) that characterize X^j 2 = (Xj x , Xj 2 ) are not suitable to label the matrices 
ad{x h ,x 32 )- Since X klk2 ^ X hh ad Xk ^ 2 ^ ad Xhh in general, the (j 1 ,j 2 )-labelled ad {Xji ,x j2 ) 
may not be a basis of Lie (5. 

The Jacobi identity is of course satisfied by the endomorphisms ad(x s ,x s ) of C5: 

^ {Cj 1 j2k 1 k 2 rir2 C h i 2rir2 slS2 )(ad(x Sl ,x S2 ))\ = ® 1 (29) 

cyd. {jij 2 ),(kik 2 ),(hl 2 ) 

(C jlj2klk2 SlS2 + C klk2jlj2 SlS ' 2 ) (ad( Xsi ,x S2 )) k = , (30) 
but the ac?(x s ,x S2 ) cannot be removed from eqs. (129]) and fl30|) . 
Nevertheless, 

E/^-y r\r 2 /~i s\s 2 \ _ n /oi \ 

cycl. (jij2),(kxk 2 ),(hl 2 ) 

(cf. (1291) ) holds if the structure constants C in eq. ( 12?|) are already skewsymmetric under the 
interchange l\l 2 -H- &iA;2 i.e., when 

/w^ag = -/w^ 1 ^ ■ (32) 

We will see below that this is the case for simple n-Lie algebras, for which e.g. eq. (fT5|) holds, 
ad is injective and the matrices ad(Xj ,Xj ) define a basis of the associated Lie algebra. For 
instance, when n = 3 it is easy to see that for v4 4 

ehW^Sft = -ei^togM , (33) 

since for ^kik2[h^ 1 ^i 2 ] to De different from zero we need that one of the indices hi, k 2 is equal 

to l\ or l 2 , say k 2 = l 2 , and then efe 1 j 2 [j 1 ^ 1 ^y = — ^^[fei^y by the antisymmetry of the 
elements in e. Then, using the relation (133]) and the FI (j3j) for n = 3, the JI in eq. (13T1) 
follows. 
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3.2 The general n-Lie case 

Let now (5 be an n-Lie algebra, and ad(x k ,...,x k ) the inner derivations associated with the 
fundamental objects X^,^ n _ x , 

ad {Xh ^.., Xhn _ x) : Z -»■ [X^,...,^.^] G . 

The ac?^ determine the Lie algebra Lie & associated with the FA &. In terms of components, 
the commutators of the elements adx G Lie <5 can be written as: 

[ad x ,ad y ] = {ad {Xkl ,...,x kn _ 1 ),ad { x h ,...x 3n _ 1 )\ = -adp-y-y-x) = 

n-1 



2 (fki-k n . 1 j 1 l ad i x n ,...,x 3l _ 1 ,x l ,x 3i+1 ...,x 3n _ 1 ) 

-fix -i„-i k!ad { x kl ,...,x fci _ 1 ,x,,x fc . +1 ...,x fen _ 1 ) 
— ^C kl ... kn _ in ... 3n _ 1 h --- l ^ad (Xh _ Xln _ i) , (34) 



where we have taken 



Cfe -in-/ 1 = ^^yy (/* ... v- a fc Pl *£ ■ ■ ■ <ti] - (* ^ j)) , (35) 

so that they are antisymmetric under the permutation of the indices (ki, . . . , &„_i) and 
(ji, . . . , j„_i). 

The Jacobi identity for Lie® (cf. eq. (EH}) reads 

/j c h ...j n -ik 1 ...k n . 1 hl '" hn ~ 1 Ci 1 .../ n _ 1 / ll ... •••* n_1 ad(x il ,...,jf in _ 1 ) = . (36) 

cyci. j, A:, Z 

As in the n = 3 case, it is possible to remove the adx above when {ad^ ,Xi _ )} is a 
basis of Lie (3, i.e., when ad is injective. This is the case for the simple FAs, for which the 
terms f kl ...k n -i • • • ^C-i] are skewsymmetric under the interchange (fci, . . . , fc„_i) <h- 

(ji, . . . , j n -i). The proof is familiar by now (see Sec. 12.31) : the only non-vanishing structure 
constants of Lie (5 for a simple FA are of the form C f jfe 1 ...fc„_ 1 j 1 .„j n _ 1 il '''* n_1 with n — 2 of 
the indices k% . . . fc n _i equal to n — 2 of the indices ji ... j n -\. Taking again fc, = ji, i = 
1, . . . , n — 2, it follows that 

C&l ... fc n _ 2 ki ... k n -2 jn-1 " 1 ~ ^ _ 2)!2 V ^ '" fert_1 ^2 ' ' ' ( ^A;, l _2 < ^fci] ~l~ ^ j)^ ~~ 

/ _ fcl ••• fc n-2in-l [fcn-1 °fe " " k„-2 kl] ~ fc l ■■■ kn-2 jn-1 kl ... fcn-2 fcn-1 • l" 3 ' J 
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3.3 A trivial example: Lie A\ = so(4) 

Since this case will be used later on, consider A±. It is given by 

[Xj x , Xj 2 , Xj 3 ] = ej lj2 j s J4 Xj 4 , j = 1, 2, 3, 4 . (38) 

Lie A* is given by the commutators (cf. eq. ( 1271) ) 

[ad( Xhl ,x k2 ),ad(x h ,x h )] = ad([x kl ,x k2 ,x h },x h ) + ad(x h ,ix kl ,x k2 ,x h }) = 

= ejfcifcaii a d{x u x l2 ) + ^k 1 k 2 i2 l ad(x h ,x l ) = ^C klk2 i 1 i 2 nn ad( Xjl ,x J2 ) , (39) 

where the structure constants of Lie A4 are given by 

C klk2hl ^ j2 = -C hl2klk J^ = e klk2[h ^ ; (40) 

they may be non-zero only if one of the indices ki, ki is equal to one of the indices l±, I2, as 
seen in Sec. 13.11 

Let the (3 vector space be split into the space (So generated by one generator, say X4, 
and the subspace 2J generated by the remaining elements of the A 4 basis, 

<5 = <5 ®W , <5 = (X 4 ) , 2J= (X u , u = 1,2,3). (41) 

This type of splitting will prove useful when considering the contractions of & since (% 
is obviously a subalgebra of <3. To look at LieA 4 we split its vector space into subspaces 
(ad^ ,x j2 )) according to the number of elements of that appear in the fundamental objects 
in the inner derivations ad(Xj ls Xj ) that generate each of them. Then, 

W (0) = (ad (X4 ,x 4 )} = {0} , 

W (1) = (ad( Xi ,x u )) = (ad^x^X!), ad(x 4 ,x 2 ), a d(x 4 ,x 3 )) , 

W (2) = (ad {Xui ,x U2 )) = (ad { x 2 ,x 3 ), ad^x^, ad {Xl ,x 2 )) , (42) 

where we have included separately although here reduces trivially to the zero element 
of Lie A4. The commutation relations of Lie A4, 

[ad (i) ,ad (i) } = [adix A ,x u ,)i ad(x 4 ,x Uo )} = (-iu 1U2 u ad^x 4 ,x u ) e W (1) (43) 
[ad x a) ,ad y (2) v ] = [ad( Xi ,x Ul ), ad( Xui ,x V2 )\ = (- iui v 2 u ad^ Xui ,x u ) G W (2) (44) 
^ ad x^ u ^ ad y^ v J = l ad (x ul ,x U2 ),ad iXui ,x V2 )] = £u lU2 v 2 A ad {Xui ,x 4 ) e , (45) 
show that is a so(3) subalgebra. Renaming the elements of Lie A 4 as 
Yi = arf(x 4 ,Xi) ? ^2 = ad(x 4 ,x 2 )> Y3 = a ^(x 4 ,v 3 ) , 
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Z\ = ad(x 2 ,x 3 ), Z 2 = ad(x 3 ,Xi), Z 3 = ad(x u x 2 ) > (46) 
eqs. (j4"3"|) - (l4"5j) can be written as 

[Y u Y J ] = e ij k Y k , [Y i ,Z j ] = e ij h Z k , [Z h Z 3 \ = e i:j k Y k , i,j,k = 1,2,3 , (47) 
or, with Yi = \{Yi + Zi), Zi = \{Yi- Z { ), 

[Y h Yj\ = ei/n, [Y h Z j \=Q, [Z l ,Z J ] = e ij k Z k , k = 1, 2, 3 . (48) 

In fact, as is well known, LieA 4 = so(4) = so(3) © so(3) (Liey4 n+ i is simple but for n = 3) 
and dim Lie = 6. 

4 Contractions of FAs 
4.1 The case of 3-Lie algebras 

As is well known, the Inonii-Wigner (IW) contraction [21] of a Lie algebra g is performed 
with respect to a subalgebra g C by rescaling the generators of the coset g/g and then 
taking the contraction limit for the scaling parameter; this guarantees that the result is also 
a Lie algebra, g c . Let g be defined by 

[X h ,X h ] = f hh l X l , A^Gg, Z = l,...dimg , (49) 

and split its underlying vector space as the sum g = g © 0, 

g = {X a , a = 1, . . . ,dimg } , o = {X u , u = dimg + 1, . . . ,dimg} . 

Then, redefining the basis of as X' u = eX u and taking the limit e — > the contracted algebra 
g c is obtained. The generators of = g/go become abelian in g c , the preserved subalgebra 
go C g c acts on them and g c has the semidirect structure g c = I) g , where is an abelian 
ideal of g c . Obviously, the IW contraction is dimension preserving. 

To generalize the contraction procedure to n > 2 Filippov algebras, consider first the 
simplest case of a 3-Lie algebra (5 given by 

[X h ,X h ,X h ]=f hhh l X l , Z = l,...dim0. (50) 

The three-bracket satisfies the FI (eq. ([7j)), namely 

ad x [Y kl , Yfc 2 , Y ks ) = [ad x Y kl , Y k2 , Y ks ) + [Y kl , ad x Y k . 2 ,Y ks ) + [Y kl , Y k2 , ad x Y k3 ) . (51) 

Let (So C (S be a Filippov subalgebra, [C5q ? ®o, ©o] C C5q and let us split the (5 vector space 



as 



<S - <5n ffi «o = W , a G J = {1, . . . , dim(5 } 

D " 00 ^' QJ = , u € /i = {dim0 o + 1, . . . , dim©} , 
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where the indices a, b, c label the elements of a basis of 0o, u, v, w refer to the basis of 23 
and the indices j, k, I refer to the basis of the FA 0, 



X a , X , X c E 0q > X u , X v , X w E 23 , Xj, Xk, Xi G . 



(53) 



We now define the contraction with respect to the Filippov subalgebra 0o by rescaling 
the basis elements of 23, X' a = X a , X' u = eX u . The four types of brackets in the new, primed 
basis of are 



[ X ai , X a2 , X a3 ] — f ai a 2 a 3 X a +6 f ai a 2 a 3 X u 



[ X ' ai > X 'a 2 ' X 'ui 
[ X ai > X Ul ) ^«2 



=0 ((So subalgebra) 

j? a y-/ , f u y 1 

c Joi «2«i yY a'Ja,ia 2 ui -™- u , 

2 ^ ay' I , f uy' 

c J aiui u 2 ~r wai Ml «2 -^u ) 

f 3f a V' -L- f " Y' 

t Juiu 2 u 3 s\ a ' c Ju 1 u 2 u 3 sv u ■ 



(54) 

(55) 
(56) 
(57) 



Thus, to be able to take the e — )■ contraction limit it is required that f ai a2 a z 

u = in (|53|) 

i.e., must be a subalgebra of as originally assumed. Then, the contracted 3-Lie algebra 
C , 

is defined by the FA structure constants 



fh 



f 

J a 

f 
■J a 

f 
■J a 

f 
J a 

f 
f 



i ai a 2 a z 
£1 I 
I a\ a 2 as 

f 

I a\ a 2 U3 
•I i 
ai 02 U3 



1 



fai a 2 £13 

o, 
o, 

' fai 

o, 

. 



u 

a 2 113 j 



a%, a,2 : Q3, d G Jo 

ai, 02, a 3 G Jo ; u E h 

ai, a 2 , a G Jo ; u 3 E h 

a x , a 2 E J ; u 3 , u E h 

ai e J ; w 2 , m 3 e A ; / G J U Ji 

Mi, w 2 , % G Jx ; I G J U ii , 



(59) 



since the FI is obviously satisfied (this will be shown in general in Sec. 14.21) . The (% C 
subalgebra is preserved in the contraction process and dim0 c =dim0. 

Of course, once C has been obtained the primes may be removed throughout; we shall 
keep them nevertheless to indicate that we refer to the structure constants of the contracted 
FA. Eq. (I59p shows that 23 becomes a FA ideal in C , as it is the case for the IW contraction 
of Lie algebras. Hence, the general structure of the contracted 3-Lie algebra C is 



[0 o ,0 O ,0o] C O 
[0o,0o,23] C 23 
[00,23,23] = 
[23, 23, 23] = 



O subalgebra 
> 23 abelian ideal 



(60) 
(61) 
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03 is an ideal because [0,0,03] C 03 and abelian by the last equality. As a result, the 
contracted FA has the semidirect structur^ C = 03 ±) 0o since 0o C C acts on the (abelian) 
ideal 03 C C through the adjoint action, adx '■ 03 M- 03, Af G A 2 0o, by the first expression 
in eq. (pi]). Of course, for n = 2 this reproduces the familiar semidirect structure g = ±) $jo 
of the IW contraction of Lie algebras. 



4.1.1 The Lie algebra Lie C associated with the contracted 3-Lie algebra C 

Let now Lie C C End C be the Lie algebra associated (Sec. [3]) with the contracted 3-Lie 
algebra C . To study its structure let us split the fundamental objects of C , X' G A 2 c , 
into three types, as suggested by the splitting of the elements of itself in eq. flo^]) . 



x>w = (x> ai ,x> 



(12 I 

' ) 

U2 / 
/ > 

1/2 I 



X;g0 o , ^G03, c = o ©O3 

From the structure of C (see eq. fl59|) ) it follows that 

ad xm X' a G O 
ad x ,(o)X' u G 03 
ad^/(i)X„ G 03 
ad X i(i)X' u = 
ad X /(2)Xi = . 



(62) 



(63) 
(64) 
(65) 
(66) 
(67) 



The inner derivations ad^x[ ,x' ) above do not determine a basis of Lie C since no contracted 
FA may be simple and ad is not injective for C . In particular, by eq. (I6"T|) . all the elements 
m X' {t) induce the zero derivation, X ,( ^ G ker ad. 

Let W (r) = (ad x ,( r) ), r = 0,1,2, be the vector spaces generated by the inner endomor- 
phisms associated with the fundamental objects X'^ in eq. f|62l) (W'^ 2 ^ is actually zero by 
eq. f)67p ). Lie C is now readily determined from the structure of C , eqs. (1581) . f)59p . The 
different types of Lie C commutators are, explicitly, 



\ad x i(o) , ad^i(o) ] 



-ad 



[{x'^,X' a2 ).{x' bi X' b2 )-(x' bi X' b2 )-(x> ai x' a2 )] 



\ (/ai^i/^K.Xy + fa l a 2 b 2 aad (X' H ,X' a ) ~ f bl b 2 a* ad {X> a X' a2 ) ~ f'b 



{X' a X' a2 ) ~ Jb 1 b 2 a 2 aad (X' ai ,X' a ) 



3 We introduce the semidirect extension of FAs in similarity with the Lie algebra case. Let © be an rt-Lic 
algebra, &o a subalgebra and let = 2J © ©o as a vector space. Then, 25 is the semidirect FA extension of 
©o by QJ, © = QJ 33 <&o if 2J is an ideal of © and ©o acts on it through the (adjoint) action that results from 
©o being a subalgebra of ©. For n = 2, this recovers the semidirect sum of Lie algebras. 
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G W /(0) 



(6* 



2 fa 1 a 2 b i aad (X' a ,Xi 2 ) + fa 1 a 2 b 1 U ad (Xi,X^) + f ai a 2 u 2 ad {X' H ,X' a ) + fa, 



a 2 u 2 Uad (X' H ,X' u ) 



~ fb 1 u 2 a i a ad (X' a ,X' a2 ) ~ fb 1 u 2 a 1 Uad {X' u ,X' a2 ) ~ f hl u 2 a 2 ad (X' ai ,X' a ) ~ fbi u 2 a? ad {X' ax ,X' U ) 



G W 



'(i) 



(69) 



fad v /(i) , ad ~, ] — ~adux> ,x> )-(x' ,x ! )—(x' ,x> )-(x> ,x ! )] 

/ 

faiuia 2 ' ad (X' a ,X' U2 ) + f'a lUl a 2 U ad {X' u ,X' U2 )+ f'a lUl u 2 ad (X' a2 ,X[) 



V 



fa 2 u 2ai a ad (X' a ,X^) ~ fa 2 u 2ai U ad (X' u ,X' Ul )- fa 2 u 2 ui ad {X' av X[) 



(70) 



where the constants /' of & c are given in eq. fl59|) . 

We can see in eqs. fl68|) - fl70|) that the elements in >V( ) = (ad x ,( )) C Lie0 c determine a 
subalgebra, denoted W'^ as its vector space. W'^ is therefore the Lie algebra associated 
with the Filippov subalgebra (% C (3 C , and acts on the coset W^ 1 -* = Lie C /W / ^ O ' ) which is 
an abelian ideal of Lie C . Thus, Lie (3 C has the semidirect structure Lie <5 C = W'^ I) W^ - 1 
dim & r 



and dim Lie lS r 



dim (ker ad), where ad : A 2 (9 C — >■ End <5 C . 



4.1.2 Example: the contractions of A 4 and their associated Lie (At) 



The simple euclidean FA A 4 (eq. (155]) ) has two possible types of non-trivial subalgebras (%: 
one-dimensional, generated by any one element of A±, and two-dimensional, generated by 
any two elements of the basis of A4. They are both abelian, [<5 , (5>o, (So] = 0. 

• First case: (% one-dimensional 

Let O be generated by X 4 ; the basis of is then {Xi,X 2 , X 3 } and = (S © 23. 
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a) Contraction 

If O = (X4), ec L s - (ED]), (J6T]1 show that the contraction of A 4 with respect to O gives 
rise to a four-dimensional abelian FA (A 4 ) c . 03 is then a subalgebra of C acting triv- 
ially on <5q. 



b) Lie (A 4 ) c 

Since (A 4 ) c is abelian, all fj x j 2 jj 4 = 0, adx> G kerarf, Wf' G A 2 (A 4 ) C and Lie (A 4 ) c 
reduces to the zero derivation. 



Second case: 0o bidimensional 

Let (So be now generated by two elements, {X a , a = 1,2} say, of the basis of 0. Thus, 
in = O © 03, the vector space 03 is generated by {X u , u = 3, 4}. Clearly, O and 03 
play in this similar role, and eq. (|38p gives 

[0 O ,0 O ,0 O ]=O (71) 

[0 O ,0 O ,O3] C03 (72) 

[0o,23,53] C 0o (73) 

[03, 53, 03] = . (74) 

Thus, 0o an d 03 play a symmetrical role, and both determine two-dimensional abelian 
Filippov subalgebras. 

a) Contraction 

The only structure constants of (A 4 ) c different from zero are, from eq. (|59p . 

J a\a,2U\ c aia2«i • \' U J 

Therefore all the commutators in (A 4 ) c are zero except those coming from [0 O , 0o, 03] C 
03, 

[X' ai ,X' a2 ,X' a3 }=0 (76) 

[X' ai , X' a2} X' Ui ] = e aia2Ul U2 X' U2 (77) 

[X' ai ,X' Ui ,X' U2 } = (78) 

[X , ul ,X' Va ,X' Va ) = 0, (79) 

i.e., except 

[X[, X' 2 , X' 3 ] = X' A , [X[, X' 2 , X' 4 ] = — X' 3 . (80) 
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The inner derivation associated with X' G A 2 (J5cb ®o C (A 4 ) c acts on the two-dimensional 
abelian ideal 03 C (Ai) c as a so(2) rotation. 



b) Lie (Aa) c 

To find the associated Lie (Ai) c , with (A 4 ) c given by eqs. fl76|) - fl79|) . let us consider the 
vector spaces generated by the adx> when the X' G A 2 (A 4 ) C are labelled according to 
the pattern above. This leads to 

w ,(0) = K^ 1 ^ 2 )) = Kx(,^)), 

W /(1) = (ad (X ' a ,Xi)) = (ad( X {&)M(xi,xQ,ad(xL,x! t ),adw,x'j), 

W'W = (ad {XLvX , 2) ) = {ad {x , Xd ) = {0} . (81) 

Then, applying eqs. ( 16"%j) -( lTUj) to this case, we find that Lie (A 4 ) c is given by the com- 
mutators 

[ad y i(o) , ad../(o) ] = (82) 
[ad ,( ) ,ad , w ] = -£ ai a 2 u 2 u ad( X > ,x>) - 7, e btu' i a 1 u 0'd{X' u ,x') 

/l a 1 a 2 ■ y b 1 u 2 Z 1 "1 ^ " a 2 y 

-^ta-M^^W GVV/(1) ( 83 ) 
[ad /(i) ,ad ] = -e aiUia2 u ad( X i u>X ' ) — -e a2U2ai u ad( X ^ x * ) = (84) 

=0 =0 

[ad x ,(2) , ady(r)] = , r = 0, 1, 2 . (85) 



The r.h.s. e aia2U2 u ad^ X ' b ;X rj of eq. (1851) is non-zero when bi = a\ or bi = a 2 , and 
the r.h.s. of eq. ( 18"4"1) is always zero since ad( X ^ X i v ) = 0. As shown in Sec. 14.1.11 
W (0) C Lie(S c is a subalgebra, abelian in this case, that acts on the abelian ideal 
W /(1) C Lie C . Thus, Lie (A 4 ) c has the semidirect structure Lie (A 4 ) c = >V /(1) B W (0) , 
and is the five- dimensional Lie algebra (Tr 2 © Tr 2 ) +) so(2) where so(2) acts indepen- 
dently on the two bidimensional abelian subalgebras (ad , ad ,(1)) , (ad ad v ,(i)) 

"*13 ^14 ^23 ^24 

(translations Tr 2 ) of W'W. We check that dim Lie (A 4 ) c = 6 — 1 = 5 since X^ G ker ad. 



4.2 General case: contractions of n-Lie algebras (5 

Having discussed the n = 3 case it is not difficult to extend the contraction procedure to an 
arbitrary n-Lie algebra (5 (eq. ([3])). Let (5q now be a subspace of & (not yet a subalgebra) 
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and split the vector space of as the sum 

= « ffi m i X «} basis of , a G J = {1, . . . , dim0 o } /o fi x 
oW ' {X u } basis of QJ, wG/i = {dim0 o + l,...,dim0} { } 

where, again, the indices a, b, c refer here to the basis of O , u, v, w to the basis of and 
j, k, I label the elements of the basis of the FA 0, 

X a , X b , X c G O C , X u , X„, X w G 23 C , Xj,X k , Xi G . 

Then, an arbitrary n-Lie bracket in may be written as 

[A ai , . . . , X ap , X Up+1 , . . . X Un \ fa\...a p u p +i...u n Xi 

= fa 1 ...a v u p+ i...u n X a + f ai ...Op u p+ i...u„ X u . (8^) 

Let us rescale the basis generators of 53, X u — > X' u = eX u while keeping those of O 
unsealed, X a ^ X' a = X a . Then, 

r v-' X' X' X' ] = 

L^-ai' • • • ' ^-ap? ^-Mp+i? • • • ) ^"UnJ 

- tr n -P( f a X -\- f U X \ — 

t \Jai...a p Up+i...Un A oT J ai ...a p ii I , +1 ...u„ ^-uj 

_ n—p f a y 1 _i_ c n— P — 1 f u V' ("88^ 

e J a\...a v u p +i...u„ yv a^~ t J a\...a p u p +i...u„ l oc V 

The limit e — >■ is well defined for the first term in the last equality because n > p always, but 
to have a well defined limit for the second one when n = p we must have f ai ... an u = so that 
the factor e _1 does not appear. Therefore, (% must be a subalgebra of 0: FA contractions 
C have to be defined with respect to Filippov subalgebras O C 0. 

The limit e — > defines the contraction C of the n-Lie algebra with respect to its 
subalgebra O . The n-brackets of C are given by: 

[^ai> • • • ' ^a p > X iip+i > • • • X Un ] — f ai ...a p u p +i...u n -^l ' (^9) 

where 

fl l — \ nnle ^ e " _P /ai -a p u p+1 ...u n a , Va G Jo /qq\ 

7 ai ...a pUp+1 ... u „ | lim £ ^ e n - p - 1 /a 1 ...a pUp+1 ...u„ u , V« G /x . 1 1 

Therefore, the structure constants of C are given by 



f" 

J a 



( V 

J a\...a n 

f 

J a 



I 



ai...a n 
£l a 
J ai ... a n -i u n 

f 



' ai ... a„_i u n 



f 



I 



Up-\-l...,Un 



= f a 

Ja\...a n i 

=o, 

= 

= fax . 
= 



-1 u„ 



p = n, a G I , 
p = n, u G ii, 
p = n-l, a G J (b) 
p = n — 1, u G ii (c) 
p<n-l, lel Uli (d) 



(91) 
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Again (eq. (|9Ta )). the Filippov subalgebra (% is preserved in the contraction. For n = 3, 
eqs. (l9Tj) reproduce eq. f )59|) . 

To see that the structure constants of (l9Tj) define indeed an n-Lie algebra & c , we have to 
check the Filippov identity for (J5 C . As expected, this is satisfied as a consequence of the FI 
for the original FA (25. Indeed, the FI for the contracted algebra, 

[x[, . . . , x' n _ v [y;, ...x\\ = • • • Y U, IK K-i, ^1, *7+i, ■■■X] (92) 

i=i 

gives, in term of the primed structure constants of <5 C 

n 

fl if' j _ f i fl j (qr>\ 

J kl...k n Jli...l„-ii / j J h kj J k 1 ...k i -iik i+ i...k n ■ \ %JU J 

i=l 

The proof involves three possible cases: 

1. All algebra elements in ( 192|) belong to &q. 

Then the structure constants in ( 193]) are given by eq. (191b). and the FI holds because 
(So C C is a Filippov (sub) algebra. 

2. Only one element in (192]) belongs to QJ, and the remaining 2n — 2 ones belong to (%. 
In this case, when the index j e J in ( 193|) . we have the identity = 0. Indeed, due to 
(191b). (19Tb). all the indices in the terms f'__J must belong to I to be non-zero, but 
then the structure constants f'__ l are of the type (191b). and therefore vanish. 

When j G Ix, the FI is the same for the contracted & c and the original n-Lie algebra 0. 
The reason is that in this case the terms that may be non-zero in the FI (|93|) are the 
same for <3 C and & and involve structure constants of the type f' ai ,, Mn _ lU v = f ai ...a n . lU v 
since f' . u = for both and & r . 

3. Two or more elements belong to QJ. 

In this case, as in the previous one, when j £ Iq, we have the identity = because 
due to (l9~Ta). (l9~Tb). (EH) all the indices in the structure constants f'_J must be in I 
to be non-zero, but then the other structure constants in the products are of the form 
(19TU). and therefore are zero. When j £ Ji we have again = 0, because in this case 
]'_J has to be of the form (19Tb) to be non-zero, and then the terms f'__ l are either of 
the form (|9Tb ) if i £ Iq or (19TH) if i £ 1%, which vanish in both cases. 

The n-brackets of the contraction <3 C of the FA & with respect to the subalgebra 0q have 
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therefore the following general structure (see eq. ( I9ip ): 

[0 O , • • • , <5o] C O , 

[0 O ,...,0 O ,23] C23, 
[0o,...,0 o ,23,23] =0, 



[0 O ,23,...,23] =0, 
[23,. ..,23] =0, 

where — (-^l, • • • , X n _i), Xi,...,X n _i G 0o- The elements in the coset 23 = 0/0o 
become an abelian ideal in C , [0, . . . , 0, 23] C 23, [23, . . . , 23] = 0, and the fundamental 
objects of O C C act on 23 as derivations, ad Xo '■ 23 — >■ 23. Thus, C /ias i/ie .K4 semidirect 
structure C = 53 B 0o- 

4.2.1 The Lie algebra Lie C associated with a contraction C 

To describe Lie C associated with C , it will prove again useful to split the space of funda- 
mental objects of C in subsets, where each subset X'^ is characterized by the number r of 



elements XL G 03 in the X's that it contains. Thus, 

r^ = (x' ai ,...,x' an _ i ), g O (95) 

X'^ = (X' ai ,...,X' an _ 2 ,X' Un _ 1 ) } X' ai G O , X' Ui G 23 (96) 

*'< r > = (X;, . . . ,X' an _ T _ v X' Un _ r , . . .,X' Un J , X' ai G O , X; G 23 (97) 

A"^ 1 ) = (X;,...,X; i _ i ), X;g23 , (98) 

and the vector spaces generated by the inner derivations associated with the fundamental 
objects in X'^ are denoted by 

W /(r) = (ad x , ( r) ), r = 0, . . . , n - 1 . (99) 

Due to eqs. (I9T1) . we see that the inner derivations of Lie0 c act on the elements of the 
contracted C in the following way: 

^,(0)00 C O (100) 

ad x ,( )%} C 23 (101) 

a^, ( i)0 o c 23 (102) 

0^,(1)23 = (103) 

ad x/ir) ® c = Vr > 2 (104) 



(a^ o o C O ) 
(a^ 23 C 23) 



(94) 
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(eqs. (llOlj) . (I102jl both correspond to the second equation in (1941)). Therefore ad X i(r) = for 
r > 2 i.e., when r > 2 all the X'^ belong to kercwi and = 0. 

The composition of fundamental objects in eq. ffTUj) and the structure constants fl9Tj) of 
the contracted FA (5 C determine the following structure for Lie (J5 C 

[ad /(o) , ad v ,(o) ] = -adu x > ,...,x> ux' ,...,x' )-(x' ,...,x' )-<x' ,...,x> )] = 

1 



2 ad [Er= 1 1 (^ 1 ,..,K 1 ,...,^ n _ 1 ,xy,...,^ n _ i )-(a^6 



(105) 



[ac? /(o) , ad v /(i) } 



-adr(x' vpf' ,x' ,x> )-(X' ,...,x' ) 

'n-2 



n-X \ 



a l— °n-l ... i) n _ 3 i>„_ 2 "„_i 

n— 3 



11 

2 ( E^ ai - a "- lb ^ a ^ x b 1 



2 2^Jai...a n _ 1 6 i oa (^,...^ lI ^ ll ...^ 1 ^ a ^ Il . 1 ) 



+/ai...a n _i Un _ 2 V ac/ (X ^ ! ... )X ^_ 3) ^_ i)X / ) + /a 1 ...a n _ 1 ^_ 1 ,; a^ i ,...,X^_ 3 ,Xi,Xi n _ 2 )) = (107) 



<*<»1 ...a n _ 2 u n _l • V 6l--i'„-2^-l 
1 



adr, x' n ,X' )-(X'. ,..,,X! ,X> )-(X! ,..,,X! ,X> )-(X' ,...,X< n ,X' )] 

£ L 1 a n-2' u n-l> y 01 ' ' i>n-2 °n-l' v b l b n-2 v n-l' y a l ' ' a n-2' u n-l'J 



= \ i^f^.-.a^u^ad^..^^ - (a,u ^b,v)J =0 (108) 

[ad x ,( r ), adyi(s)] = , r = l,2 (109) 
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where we have used eqs. ( 11031) . (11041) and the only non-zero structure constants appearing 
above are the f ai ___ an a = f ai ...a n a and f' ai ... an _ lUn u = f ai ...a n - lUn u by eq. (EI]). As a result, 
the structure of Lie C for the n-Lie algebra C is similar to the one found for n = 3. 
The elements ad x ,(o) generate a subalgebra of Lie C and the ad X im an abelian ideal 

W'^. Lie C has therefore the semidirect structure Lie C = ±) W'^ -* which, for n = 3, 
recovers the case of Sec. 14.1.11 As for any Lie algebra associated with a FA, dim Lie C = 

(dim \ 
^ j — dim (ker ad) where now ad : A n C — >■ End C . 

4.2.2 Example: the contractions of A rt+ i and their associated Lie(A n+ i) c 

In this section we consider the general simple Euclidean FAs := A n+ i, 

[X h ,...,X ln ]=e h .., n l ^X ln+17 (110) 

generalizing the n = 3 results of Sec. 14.1.21 There are various subspaces that determine 
different non-trivial subalgebras <25 C A n+1 and corresponding vector space splittings = 
0o © it suffices to take <3 generated by m basis elements of A n+1 with m < (n — 1) (if 
dim(3o = ra, 0o cannot be a subalgebra when is simple). We shall see below that only 
one of these splittings, when m — n — 1, leads to a non-trivial contraction (74 n+ i) c . All 
other (m < n — l)-dimensional subalgebras lead to a contraction of A n+1 which is an abelian 
(n + l)-dimensional n-Lie algebra. 

Let then (3 be generated by n — 1 basis elements of A n+1 and QJ by the remaining two, 

<%= (X a , a=l,...,n-l), 53= u = n,n + l). (Ill) 

Then, the various n-brackets follow the pattern 

[0o,- n .,0o] = (112) 

[0o,^i, (So, SJ] C 03 (113) 

[(5o,?7?, , 23, 53] C O (114) 

[0 O , ?7?, O , 53, 53, 53] = (115) 

[53,.?. ,53] = 0. (116) 

Looking at eqs. fl9Tl) we find that the only non-zero structure constants of the contraction 
(A n+ i) c of the FA A n+ \ with respect to a (n - l)-dimensional subalgebra are 

f U2 = e U2 (117) 

Note that any other (m < n — l)-dimensional 0o would lead to fl^J 1 = 0. Thus, the 
splitting fillip is the only one leading to a non fully abelian contraction. 
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The contracted n-Lie algebra (A n+ i) c is given by 

[X' ai ,...,X'J=0 (118) 
[X ai ,- ■ ■ ,X an _ v X u ^\ = e ai ,„ an _ lUl U2 X' U2 (119) 
[X' ai ,...,X' an _ 2 ,X' Ui ,X'J = (120) 

[x: i? ...,x:j = o. (121) 

It has a (n— l)-dimensional abelian subalgebra (So acting by eq. (11191) on the two-dimensional 
abelian ideal For n — 3, this reproduces the contraction (A 4 ) c of the second case in 
Sec. iU 

The familiar Lie algebra case also follows in this framework. For n = 2, A% = so(3) and 
the (n — l)-dimensional subalgebra is of dimension one. Then, the only non-zero structure 
constants in eq. (j!17p reduce to f' au v = e au v , and (Az) c = Tr 2 ±) so{2) = E 2 , the Euclidean 
algebra on the plane. 

Let us now find Lie (A n+ i) c . For it, consider the adjoint maps determined by the funda- 
mental objects of (A n+ i) c in the subsets fl95l) - fl98l . and the corresponding vector spaces W'^ 
generated by them, 



w ,(0) = 


( ad (K v ~ 














w' (2) = 


( ad {K v ~ 


•' X «n-3' X «1' X «5 


,)> = {«} 






1 ,-^ n _ 1 )) = 


{0} , 



(122) 

where, by eq. (11041) . ac^r) =0, r > 2 so that = {0} for r > 2 (note that the non-zero 

commutator in eq. (11141) becomes zero in (A n+1 ) c , eq. (I120p ). Therefore, the vector space of 

Lie (A*+i)c is reduced to W /(0) © W /(1) , of dimension ( ™ ~ J ^ + 2 T^~2 J =2n_L 

The structure of the Lie algebra Lie (A n+ i) c is obtained by inserting the structure con- 
stants f' h ...i n ln+1 of {A n+1 ) c (as given in eqs. flHTj) whith f h ...i n ln+1 = e h ...i n ln+1 since = A„ +1 ) 
in eqs. <[T05|> - ( IIDg|> . This leads to 



\Qj(l y,l 



(0) 



, acL, 



(0) 



:i23i 



[ad v /(o) , 



-e 



a\ ... a n 



°n-2 v n-l 



- X v n - X v ad {x > H ,...,x> hn _ 2 ,x v ) 
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^ n— 1 



e >v ,(1) 



(124) 



i=i 



(!) : 

1 ••• a n-2 u n-l 



, Qfl./(1 



"1 ••■ 6 n-2 "n-1 



n-2 
i=l 



\ 



"i ...a„-2«„-l(ii" a d(X' bi ,...,X' bi _ 1 ,X l v ,X' b . 



.jfi j-Ka, «) <H- (6, v)] 

-1 "n-2 v n—l' s J 



(125) 



/ 



The r./i.s. of eq. (11241) may be non-zero only if n — 2 of the a indices are equal to n — 2 
of the b indices. W /( - ^ C Lie C is an abelian one-dimensional subalgebra so (2) that acts on 
the 2{n — 1) -dimensional abelian ideal W"*- 1 ^ C Lie C , which may be split as the sum of two 
(n — l)-dimensional abelian subalgebras {ad^x' av ...,x' a ,x' n )) © ( a d(x b ,...,x' b ,x' n+1 ))i where 

X' n and X' n+1 are the basis of 23 (eq. ffTTTT) ). on which W /(0) acts (eq. (11241) ) by rotating the 
(A"^, A^ +1 ) plane. Thus, Lie (A„ +1 ) c has the semidirect structure Lie (A n+ i) c = W'^ +) W'^ 
and is the (2n — l)-dimensional Lie algebra (Tr n _i @Tr n _i) ±) so(2), where so(2) rotates the 
two abelian subalgebras (translations Tr n _i) in the abelian Lie ideal . 

We may also look here at the n = 2 Lie algebra case. This gives Lie(v4 3 ) c = Tr 2 B so(2), 
again i? 2 . This is not surprising: the centre of E 2 is trivial and, since the inner derivations 
of a Lie algebra $j are given by g/Z(g), we have (A 3 ) c = E 2 = InDer (E 2 ) = Lie (A 3 ) c . 



5 On Lie C and the contractions (Lie 0) c of Lie 



In Sec. 14.21 we have studied the general structure of C and Lie C . It is natural to ask 
ourselves whether there is any relation between Lie C and some contraction (Lie0) c of the 
Lie algebra Lie associated with the FA 0, or, equivalently, under which circumstances one 
may consider some kind of relation for the Lie algebras in the lower r.h.s. of the diagram 







contr. limit 



0, 



Lie0 

contr. limit 
Lie0 c ; (Lie0) c 



(126) 



for some contraction of Lie0. Note that we may not expect the closure of the diagram, 
because Lie C is the algebra of derivations of C , while (Lie 0) c is a contraction of an 
ordinary Lie algebra determined by the inner derivations of and not related with the adjoint 
derivations of C . Further, there is a mismatch among the dimensions of (Lie 0) c and Lie C 
since the inner derivations associated with the X'^ £ A n_1 c for r > 2 are trivial by eq. (11041) 
and then W (r) 
the diagram 



in Lie C for r > 2. Thus, dim (Lie 0) = dim (Lie 0) c ^ dim Lie C , and 
does not close. However, in the case of simple FAs, the comparison of 
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Lie (5 C and (Lie (2») c is simpler since for (J5 ad is injective (see Sees. 13.11 13. 21) and the ad Xil 
derivations determine a basis of LieA n+ i. We shall therefore restrict ourselves to this case, 
and show how Lie (5 C and various contractions (Lie <5) c , (5 = A n+ i, n > 2, may be related. 

To look into the problem we first notice that, given a FA (J5 = (So © 23 as a vector space, 
the splitting of Lie (5 defined by the vector subspaces 

W w = (ad x(r) } , atkw = ad (Xai „.. tXan _ r _ i>Xun _ r> ..., Xun _ i) , e <% , A Ui e 23 , (127) 

allows us to perform a generalized contraction of Lie (5 in the sense of Weimar- Woods (W-W) 
[22] • The reason is that the splitting of Lie (3 = @ W( r ) does not only say that is a 
subalgebra of Lie (5; the (So Filippov subalgebra condition f ai ...a n u = gives for the Lie (5 
commutators the structure 

[ad X (r),ady(s)} E Q}(ad Z (t)) , t<r + s, r, s, t = 0, . . . , (n — 1) (128) 

i.e., 

[W (r) ,W (s) ] C 0W (t) , t<r + s , 

(proved in the Appendix), which is precisely the general condition needed to perform a 
generalized contraction of Lie algebras in the sense of Weimar- Woods (W-W) [22J . This is 
defined as follows. Let the vector space of a Lie algebra split as g = ©D p , p — 0, 1, . . . , m. 
Let the subset of basis generators X of q generating each subspace P be redefined by X — > 
X' = e p X when X G D p . Then, a W-W Lie algebra contraction (the limit e — > 0) exists iff 
the splitting of q above is such that [o p , 9 ] C © S D S , where s runs over all the values for which 
s < p + q. In the present Lie & case, the contracted algebra (Lie <3)w-w is obtained by the 
reparametrization ad' (r) = e r ad X ( T ) and the limit e — > 0. 

5.1 Contractions of Lie 

The contractions of = (J5o © 2? with respect to its two types of non-trivial subalgebras 
(% C A4 and their associated Lie {A±) c algebras were given in Sec. 14.1. 2[ We consider here 
the contractions of the corresponding Lie A 4 = ® JL , where as usual r indicates the 
number of generators of the basis of 03 in the elements of W^- 1 as in eq. f )127p . 

As a third case, we recall the IW contraction with respect to the subalgebra so(3) C 
Lie^, generated by the elements in the first line in eq. ( I46p . and corresponding to in 
the splitting (|42p of its vector space, W^ 1 * 1 ©W^. Since Lie^U is semisimple, there is another 
well known contraction, also mentioned in Sec. 15.1.31 

5.1.1 First case: (J5 one-dimensional 

In this case (A^) c is a four-dimensional abelian algebra and hence Lie ( Ai) c reduces to the triv- 
ial endomorphism (Sec. 14.1.2]) . The IW contraction (Lie t4 4 ) c of Lie A 4 = so(4) with respect to 
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the trivial subalgebra WW = (ad(x 4 ,x 4 )) = {0}, associated to (% = (X ai ) C A 4 is obviously 
a six- dimensional abelian algebra; in this extreme case, dim (Liev4 4 ) c — dim Lie (A 4 ) c = 6. 
The W-W contraction for the splitting ( I127j) gives again a six-dimensional abelian algebra. 

5.1.2 Second case: (LieAt) C5 <5o bidimensional 

Since n = 3 there are three types of WW spaces, r = 0, 1, 2. Labelling the elements ad( X ^ x ) 
as usual, the Lie A 4 commutators are given by 

[ad (Xai>Xa2) , ad (XH>x J =0 =► [W<°>, WW] = 
[ad( Xai ,x a2 ), ad {Xbl ,x ul )] = \^ ai a 2 u x U2 ad{ Xbi)Xu2 ) 

-ke bluiai u *ad {Xu2 , Xa2) - \e blUia ^ad (Xa ^ Xu2) =► [W<°) W«] C W« 

[ac? (Xaii x ttl ),ad ( x 02 ,x U2 )] = 0, a x ^ a 2 ,ui ^ u 2 1 

K^A), ^(x 02 ,v u) ] = e^M*.,*.) \ =► [WW.WW] C W<°> © W« (129) 

M(x„ r x„ 1 ) ) arf(x <t ,x„ 2 )] = £au 1U 2 ba d(x a ,x b ) ) 

[ad( Xai> x a2 ), ad (Xui>Xu2) ] = =► [W<°) W«] = 

[ad {Xu>Xai) ,ad [XujXv) ] = e uaiV ^ad iXutXa2) =► [W« W«] C W« 

Ki,,,!,), ^(x^xj = o =► [ww, W^] = . 



- IW contraction, (LieA^iw 

We contract with respect to WW, the one-dimensional subalgebra generated by ad( X Xa ). 
The reparametrization ac/^ (0) = ad^co), og?wo = eac^M, r = 1,2, and the limit e — > gives 
the contracted Lie algebra (Lie At)/iy 

K(x 01 ^(x 6l ,xj - o =► [WW, WW] = 

M(x ai ,x 02 )> a ^(x kl) x ttl )J = 2 e ^^ U2ad (x bl ,x U2 ) 

-h huia ^ad{ Xu2tXa2) - h^a^ad{ XaitXu2) =► [WW, w«] C WW 

[a^ (2) ,ad^ (r) ] = , r = 0,l,2 [W (2) , W (r) ] = , r = 0,l,2, 

(130) 

where we are using the same notation WW to refer now to the subspaces of the contracted 
(Lie At)/yi/ algebra. Thus, the contraction (Lie A^) IW contains Lie (A 4 ) c as a subalgebra (see 
eqs. (152"]) - ([55]) ). but contains an extra commuting generator ad'r Xu Xu j that extends Lie (A 4 ) c 

by a direct sum: (Lie A 4 ) IW = (Tr n _! © 7Y n _i) ±) so(2) © W< 2 > = (Lie A 4 ) c © W< 2 >; dimen- 
sionally, 6 = 5 + 1. This result also follows from eq. (H7|) by contracting with respect to 
Z 3 = ad^ 12 and with W' 2 ' generated by F 3 = ac?^ 43 . 

- W-W generalized contraction, (Lie A^jw-w 
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This is obtained by the reparametrizations ad' x(r) = e r ad X (r), r = 0, 1, 2. The e — > limit 
gives (Lie At)yi/-v!/ as 

K(x ai ,x 02 ), ad{ Xbi>x J =0 ^ [W<°>, WW] = 

\ a d(x ai ,Xa 2 V a d{x bl ,x Ul )\ = 2 ea i a 2 u i U2ad {x bl ,x U2 ) 

Kx.!,^).^,^)] = 0, ai ^a 2 , Ul ^ u 2 | 

[ ad (Xa,X ttl )' 0d (X a ,X„ 3 )] = J 

[a^ (r) ,a^ (2) ] =0 , r = 0,l,2 [W< r >, W< 2 >] = , r = 0,l,2. 

(131) 

This is a central extension of Lie (Ai) c (eqs. (I82l)-(l85l)) by the one- dimensional subalgebra 
= (od(x„ x„ 2 ))- Thus, Lie (A 4 ) c = (Lie A^w-w/W > and it is not a subalgebra of 
(Lie Ai)w-w- 



5.1.3 Third case 

Consider Lie At as given by the sum © where = (Yi,Y 2 ,Y 3 ) is a so(3) sub- 
algebra and W < - 2 ' ) = (Zi,Z 2 ,Z 3 ) (eq. ( 146]) ). The IW contraction with respect to the 
subalgebra is the well known 6-dimensional Euclidean algebra E3, (LieA4) c = B W^ 1 ' 
= Tr 3 +) so(3). 

Since Lie A 4 = so(3) © so(3) is not simple, there is of course the possibility of contracting 
with respect to any of the so(3) subalgebras in eq. flUJ), leading to Tr 3 © so(3). 



5.2 Contractions of Lie ^4 n+ i 

In Sec. 14.2.21 we have seen that the only splitting of (3 that leads to a non-trivial contracted 
Filippov algebra (A n+ i) c requires taking (3 as an abelian subalgebra generated by n — 1 
Ai+i basis elements so that 03 is generated by the remaining two, (55 — (X a , a = 1, . . . , n — 
1), 2J= (X u , u = n,n + l). 

Labelling as in eq. ( 1127j) . the commutators of LieA n+ i for the different subspaces adopt 
the form: 

^ n— 1 

\. ad {x ai ,...,x an _ 1 ) > oc? (x 6l .....x^j] = 2 5°i-°n-ifci 6 , arf (x bl ,x b ,x b . +1 .....X^) 

^ n—1 

_ 2 y^ J fb 1 ...bn-ia i \ a d(x ai< ...,x ai _ 1 ,x b< x ai+1 ,...,x an _ 1 ) = (132) 
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l aa (X„ X n ,V ' 



(X ai , — ,Xa n _ l )l (X bl ,...,X bn _ 2 ,X Vn _ 1 )i 

n-2 



2 / , , ^ai ■■■ Qn-i fei ^ aa (X bl ,...,X b ._ 1 ,X b ,X b . +1 ,...,X bn _ 2 ,X Vn _ 1 ) 

+ n £ ai...a n _i«„-i a d(X bl ,...,X bn _ 2 ,X b ) + -£ai...a„_n)„-i a d(X bl ,...,X bn _ 2 ,X V ) 



— 





^ n— 1 

~n ^ /&i -&n-2^-i aj Va d(X a , ,...,X ai _, ,-A„_, ) G ( 133 ) 



2 

1=1 

[ad (0) ad {2) 1 - 

I Li LL I y -y- \ , Li' Li< / v ' y y y \ 

^aH-.^On.J ^ i , 1 ,...,A bn _ 3 ,^t, n _ 2 ,A„ n _ 1 ,)J 
n— 3 

2 / j Ca i ■■■ a n-i fei oa (A" 6l ,...,x b ._ 1 ,x b ,x bi+1 ,...,x bn _ 3 ,x Vn _ 2 ,x Vn _ l ) 

1 b j ^ u -j 

+ 7J e ai ...a„_i u n _ 2 a «(X 6l ,...,X i)n _ 3 ,X t , n _ 1 ,X 6 ) + e «i ---an-i fn-2 a "(X 6l ,...,X i , n _ 3 ,X„ n _ 1 ,X„) 

Z v V ^ Z v ' 

=0 =0 

+ 7J e ai ...a„-i«„_i ad(x bl ,...,X bn _ 3 ,X b ,X Vn _ 2 ) + e ai ...a n - 1 v n - 1 V ad( Xbl ,...,X bn _ 3 ,X v ,X Vn _ 2 ) 

z v v—s z >> ^- ' 

=0 =0 

^ n— 1 

fn-2 Hn-1 «i a d(X ai ,...,Xa i _ 1 ,X b ,X a - + 1 ,,...,Xa n _ 1 ) 

1=1 V v ' 

=0 

^ n— 1 

"n^/tl - &n-3^n-2 a/ Q ^(X 01 ,X v ,X aiJ _, ,-,X„„_ 1 ) = (134) 

j=l ' " ' 

=0 

\ad {l) ad {1) 1 - 

\\Jj\Jj / y y y \ • Li Li / y v" V" A 

( A o 1 ,-^a n _ 2 . A %_l)' V A i>l'---' A i'n-2' At 'n-l- ) 



2 I / ^fcai ...a n -2V4 bj ^ a ^(X 6l ,...,X b ._ 1 ,Xi,,X t ,- +1 ,...,Xi, n _ 2 ,X t , n _ 1 ) 



1 / n ~ 2 

2 V« — s — ■ 

n-2 

^ ] e «i •••an-2 «n-i £>i a '^(X i)1 ,...,X i) ._ 1 ,Xt,,X 6 . +1 ,...,X 6n _ 2 ,X„ n _ 1 ) 



i=l 

6 



+ e ai ...a„-2«»-i»i.-i a d(X bl ,...,X bn _ 2 ,X b ) + e ai ...a„_ 3 Mn-i fn-i a d(X bl ,...,X bn _ 2 ,X V ) 



=0 



- [(a, u) <-> (6, u)] G W {0) © W (2) (135) 
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\ad (1) ad {2) 1 = 

^ n-2 

^^e ai ... Qri _ 2Un _ l6i b a d(x H ,x b ,x b ,...,x bn _ 3 ,x Vn _ 

i=\ * 

=0 

n-2 



' Xl, Tl-l) 



+ o X/ ai -an-2««-i6^ a ^(x 6l ,...,x bi _ 1 ,x,,x,, i+1 ,...,x i , n _3,x, n _ 2 ,x 1Jn _ 1 ) (136) 



2 . 

1=1 V 



=0 



+ 2 6 ai ... a„_ 2 i>„_2 a d , (X bl ,...,X bn _ 3 ,X Vn _ 1 ,X b ) + ^ ^tti ... Qn-3 M«-l"n-2 ^ a d(X bl ,...,X bji _ :j ,Xv n _ 1 ,X V ) 



=0 



+ 2 f «l- ffi n-2 "n-lfn-1 Cl( ^(^"b 1 , ■ ■ ■ A„_ 3 .^6 >^„-2 ) r> »n-3 %-l (X bl ,. . . ,Xb n _ 3 ,X v ,Xv n _ 2 ) 

%-l Oj a d(X ai ,...,Xa i _ 1 ,X b ,Xa i+1 ,...,Xa n _ 



2 

1 = 1 



X u„-l) 

n-2 

2 



^ n-2 

v n _2 W n -1 Ot a d(X ai ,...,X ai _ 1 ,X v ,Xa i+1 ,—,X an _ 2 ,X Un _ 1 ) 



1=1 

=u 

1 , , 

frn — 3 ^n — 2 — 1 — 1 (^a^ v)-^a n _2 j^Q) 



2 



e (137) 

(0) ad (3) 1 

{X ai ,...,X an _ 1 )l (X bl ,...,X bn _ 4 ,X Vn _ 3 ,X Vn _ 2 ,X Vn _ 1 )i 



\- ad \x„ x„__ :)' a 4x h x h ..x„_ „,x,. ( 138 



=0 



[a<i (r) ad (s) 1 

L (X ai ,...,X an _ r _ 1 ,X Un _ r ,...,Xu n _ 1 ) : (X bl ,...,X bn _ s _ 1 ,X Vn _ s ,...X Vn _ 1 )i 



^ n— s— 1 

aa {x bl ,...,x b ._ v Xi,x bi+1 ,-,x bji _ g _ 1 ,x Vn _ s ,...,x Vn _ 1 ) 

1=1 



^ n— 1 

+ ^ ^ ] e fll...tt„_ r _l!l„_ r ...U„_ll)i a ^ 



oi ... a n _ r _i u n _ r ... « n _i Vi aa (X bl ,...,X bn _ g _ 1 ,Xv n _ s ,...,Xv i _ 1 ,Xi,X Vi+1 ,...,X Vn _ 1 ) 

[(a, u, r) -B- (b, v, s)} = 0, r + s>3. (139) 



where the constants ...^ are zero if they contain more than n — 1 indices ij G Jo (cf. (!86l) ) or 
more than 2 indices ^ 6 the inner endomorphisms ad^x^ ,...,x t J are zero if they contain 
more than two indices U E I\. For n = 3, the above expressions reduce to eqs. (1129p . 

Since dim W (0) = ( ™ ~ J J = 1 , dim = 2 f ™ ~ * J = 2 ( n ~ X ) > dim W (2) = 
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( ™ _ M = \{n - l)(n - 2) , dim WW = 0, r > 2, we check that dimW^ + dim + 
dimW^ = f " J 1 ) = dim Lie A n+1 . 

5.2.1 IW contraction (Lie v4 n+1 )/ty of Liev4 n+1 

The contraction (Lie A n+ i)iw, obtained by the reparametrization ad' x{Q) = ad X (o) ((ad X (o)) = 
Lie (3 ), ac^( r ) = ead x w, r = 1, . . . , n — 1, is given by 

,J = (140) 



(x 01 ,...,x an _ 1 )' (x ( , 1 ,...,x f)ji _ 1 )J 

/(0) 1 - -f v nd' 

(x ai ,...,x an _ 1 y aa (x bl ,...,x K _ 2 ,x Vn _ 1 )l - 2 e «i •••»„_! aa (Jf 6l ,...,x >B _ 2 ,x t( ) 



^ n— 1 

--^/ k ,.i„,,„, fl ,W (Iai € WW (141) 



i=i 

[act$ y ,,ad'$ y y Y J = (142) 
K*L---**- a G < ( ? bl ,..,x 6ri _ 2 ,x„ n _ l) ] = (143) 

H(? ail ...,Xa ,,x u ,...,x u ^ ad '(xl,...,x b ,x v ,..x v )] = , r + s > 2 (144) 
(in fact, r + s > 2, see eqs. ( 11421) . (I143j) ). and generalizes the (LieA^/w case of Sec. 15.1.21 
We see that eqs. (I140p - (ll44p give the Lie (A n+ i) c algebra plus the ( ™ ^ j abelian algebra 

W (2) , that is, (LieA n+1 ) IW = (Tr (n _i)©Tr (n __i)) B so(2)©W (2) . Further, dim (Lie A n+1 ) /W , = 
dim W^ 1 -* + dimW^ + dim W*- 2 -* = dim [(Lie A n+ i) = so(n + 1)]. For n = 3 the above com- 
mutators lead to eqs. (I130p . 

5.2.2 W-W contraction (Lie A n +\)w-w of LieA„ + i 

The W-W reparametrization is now ad' x(r) = e r ad X ( r ) and in the limit e — > 0, eqs. fl 132ft - ( TT39]) 
lead to the same n-brackets as in eqs. (I140l) - fll44p . but for (I143P which is replaced by 

\ad' {1) ad' {1) 1 - 

(A ai ,...,A an _ 2 ,A„ n _ 1 )' (X bl ,...,X bn _ 2 ,X Vn _ 1 )l 

-e ai ... a„_ 2 h V ad[ XH 1 ... i xj 4 _ 1 ,...,x iJn _ 2 ) 

-2 e 6 1 ---6»- 2 ^n-ia i v ad / ( x ai) ... J x ai _ 1J x,,x a . +1 ,...,x an _ 2J x»„_ 1 ) e >V (2) (145) 
which indicates that (Lie 74 n+ i)vy-w/ is a central extension of the (2n— l)-dimensional Lie (A n +i) c 
(see below eq. (I122p ) by the ( ^ ^ ^-dimensional abelian algebra = {ad' x(2) ) so that 
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(Lie A n+ i)w-w = Lie (v4 n+ i) c as given by eqs. (1123j) -( TI25]) (Lie (A n+ i) c is not a subal- 
gebra of (LieAt+iV-w)- Of course, - = dimLie (A n+ i) c . 



n 



6 Conclusions 

We have introduced in this paper the contractions of Filippov algebras and given the non- 
trivial IW-type contractions of the A n+ i simple FAs to illustrate the procedure. As it is for 
the Lie algebras case, the contraction of a FA & has to be done with respect to a subalgebra 
&o an d has the semidirect FA structure & c = QJ+) (%, where 03 is a FA abelian ideal of (& c . 

We have also considered the Lie algebra Lie (2» c associated with a FA contraction <3 C , 
and the contractions (Lie(5) c of the Lie algebra associated with the uncontracted FA (25, 
and compared them in the simple (5 = A n+ i case. We have seen that the IW or W-W 
contractions (Lie A n+1 ) IW , {Lie A n+1 ) w _ w are either a trivial or a central extension of the 
Lie algebra Lie (A n+ i) c associated with the non-trivial contraction of the simple Filippov 
algebra A n+ \. 

All the examples in this paper have dealt with simple FAs. It is clear that, for semisimple 
FAs, a contraction that only affects the generators of a single ideal will not modify the others 
since they remain as spectators of the contraction process. But, already for n = 2, it is 
possible to define IW contractions of Lie algebras which have direct sum structure by using 
a basis that contains generators involving a combination of those of different algebras in 
the direct sum, be these simple ones or not. The result of a contraction of this type is a 
Lie algebra that does no longer have the original direct sum structure of the uncontracted 
one (these contractions are sometimes called 'unconventional', 'exotic' or even 'generalized', 
although they are ordinary, standard IW contractions). This explains why the well known 
eleven dimensional, centrally extended Galilei group may be obtained by a contraction of the 
direct product of the Poincare group and a U(l) factor (see [27] and [281 [29] f° r the 'generating 
cohomology' properties of these contractions). Other physical examples of contractions of 
this type have been considered in [30]. in [M] in the context of expansions of Lie algebras 
(a process [321 ED E3] that is not dimension preserving in general but that includes IW 
contractions as a particular case) and, very recently, in [311 ES] . 

In our n > 2 case, this type of contractions may have a bearing for FAs. It is well 
known that it is not easy to find explicit examples of FAs beyond the semisimple ones, one 
of the reasons being the lack of associativity: the Filippov bracket is not constructed from 
associative products of its n entries (cf. Refs. [251 EE]; see ref. [B] for further discussion). The 
above type of contractions, applied to direct sums of FAs, would lead to other non-trivial 
examples of FAs. Note that here, however, we would be dealing -as throughout this paper- 
with Filippov algebras only; for n > 2, there is no 'Filippov group' manifold structure and 
no vector fields associated with FA generators that could act on it. 
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Finally, one might think of applying the above contraction scheme to some physical situa- 
tion. As an exercise, we have tried it on the original Bagger-Lambert-Gustavsson A4 model 
[T8| [T9| [20] of coincident M2 branes (see e.g. [6] for further references), but the resulting 
Lagrangian becomes trivial: the Chern-Simons term disappears and, further, it reduces to 
the free kinetic terms. 
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A On the graded W-W structure of the splitting Lie = 

>v (0) e • • • e 

Let & = (Snffi^J as a vector space, and let = (adx n „ ) the Lie (5 subspaces 

generated by the elements adv „ , where the superindex r indicates the number 

of generators X Un _ r , . . . , X Un _ 1 of the basis of QJ in the fundamental object X in adx- 

In terms of the structure constants of the FA (5 and using this splitting, the Lie (5 algebra 
commutators are 



[ad (r) , ad ( S ) j 

a l ■■■ a n — r— 1 u n — r ■■■ u n — l ■■• ^n — s — 1 v n — s ■■■ v n — l 



2 a [(Xa l ,...,Xa n _ r _ 1 ,x Un _ r ,...,x Un _ 1 )-(x bl ,,.,,x bn _ g _ 1 ,x Vn _ s ,...x Vn _ 1 ) 

-(X bl ,...,X bn _ s _ 1 ,X Vn _ g ,...X Vn _ 1 )-(X ai ,...,X an _ r _ 1 ,X Un _ r ,...,X Un _ 1 )j 

j n— s— 1 

2 ^ ^ /°i ■■■ «n-r-i u„- r ... u„-i bi a d(x bl ,...Xb i _ 1 ,Xi,x bi+l ,...x bn _ 3 _ 1 ,Xv n _ s ,---,x Vn _ 1 ) 



1=1 

n.-l 



+ „ ^ ] fax ... a„- r -i u n - r ...u n -i Vi a >d(X bl ,...,X bn _ s _ 1 Xv n _ 



2 

i=n 
n—r—1 



..Xu- i .X] ,X<>) ■ i 1 .....Xd ^ } 

3 v %— 1' ( > ^+1 ' ' "n-1' 



5 £ A-- 

b„_ s _l t> n -s ...V n -1 a t aa {Xa 1 ,...,Xa l _ 1 ,X l ,Xa i+1 ,...,Xa n _ r _ 1 ,Xu n _ r ,...,X Un _ 1 ) 



1=1 

n-1 



9 f bl -bns-ivns ■■■vn-iu l l ad(x ai ,...Xa n _ r „ 1 ,x Un _ r ,...,x Ui _ 1 Xi,x Ui+1 ,...Xu n _ 1 ) -(146) 



2 

i=n— r 
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(as mentioned, if & is not simple, not all ad(x a ,...,x a 1 ,x u _ ,...x u _ ) are independent in 

general). The fulfillment of the W-W condition fl 1 2 8 [) is a consequence of the dot composition 
of the fundamental objects (eq. fflOl) ). Indeed, the A"s in acTs in the r.h.s. contain a maximum 
of r + s elements of the basis of 03, except when r = (no u indices) or s = (no v indices), 
where the first and third summatories give a term with ad Z ( t ) , t — r+1 or t — s+1. However, 
the terms with t = r + s + 1 with r or s equal to zero are zero when (J5 is a subalgebra, 
/at-.a^i" = /6 1 ...6„_ 1 lt = 0, and then it follows that [ad X (r), ad y ( s )} G 0(arf 2 (*)) , t < r + s. 
Therefore, when the above splitting of Lie (S is considered, the W-W condition 

[W (r) , W (s) ] C W w , t < r + s (147) 

(here, r,s,t = 1, . . . , n — 1) is automatically fulfilled when (3 is subalgebra (a condition also 
reflected for r = = s). 
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